We study the propagation of rays, paraxial rays, and Gaussian beams in a medium where slowness differs only slightly from that of a reference medium. Ray theory is developed using a Hamiltonian formalism that is independent of the coordinate system under consideration. Let us consider a ray in the unperturbed medium. The perturbation in slowness produces a change of the trajectory of this ray which may be calculated by means of canonical perturbation theory. We define paraxial rays as those rays that propagate in perturbed medium in the vicinity of the perturbed ray. The ray tracing equation for paraxial rays may be obtained by a linearization of the canonical ray equations. The linearized equations are then solved by a propagator method. With the help of the propagator we form beams, i.e. families of paraxial rays that depend on a single beam parameter. The results are very general and may be applied to a number of kinematic and dynamic ray tracing problems, like two-point ray tracing, Gaussian beams, wave front interpolation, etc. The perturbation methods are applied to the study of a few simple problems in which the unperturbed medium is homogeneous. First, we consider a two-dimensional spherical inclusion with a Gaussian slowness perturbation profile. Second, transmission and reflection problems are examined. We compare results for amplitude and travel time computed by exact and perturbed ray theory. The agreement is excellent and may be improved using an iterative procedure by which we change the reference unperturbed ray whenever the perturbation becomes large. Finally, we apply our technique to a three-dimensional problem: we calculate the amplitude perturbation and ray deflection produced by the velocity structure under the Mont Dore volcano (central France).
INTRODUCTION
Exact solutions of wave propagation problems in three dimensions may be obtained only by numerical techniques like finite differences or finite elements. There are many problems, however, where approximate techniques like geometrical ray theory are applicable. So far most of the applications of ray theory have been limited to ray tracing because of some essential instabilities that appear in the numerical evaluation of ray amplitudes. These are mostly due to the fact that ray theory is an infinite frequency method. At finite frequencies many of these instabilities are smoothed out. Recently, several new methods have been proposed to avoid these instabilities in ray theory. For instance, Chapman [1978] proposed to use the WKB method to generate highfrequency seismograms in vertically heterogeneous media. Chapman and Drummond [1983] used the uniform Maslov method for the calculation of high-frequency fields in arbiseries of apparently unrelated techniques like dynamic ray tracing, Gaussian beams, WKB ,ray bending, etc., in a common theoretical framework. We intend to show in this paper that all these problems are particular applications of the paraxial approximation, which is itself derived from first-order ray perturbation theory.
A related problem that frequently appears in practice is how will the ray field be affected by small changes in the velocity or slowness structure. This problem has already been properly formulated for surface wave tracing when the structure differs only slightly from a spherically averaged model. Woodhouse and Wong [1986] have recently showed how to calculate rays and amplitudes in this perturbed medium.
In this paper we will study non dispersive ray propagation in three-dimensional heterogeneous media. A general formalism based on HamiltonJan theory will be used so that our results are independent of the coordinate system. Once trarily heterogeneous media. Even more recently, researchers the general formalism is presented, we will discuss in dein Leningrad and Prague proposed to use a superposition of tail the case of a three-dimensional homogeneous medium Gaussian beams in order to generate high frequency syn-to which we add a small smooth velocity perturbation. Ray leads to a system of six ray tracing equations, which must be integrated subject to the condition that H = 0. We will not discuss this approach any further since it will not be adopted in this paper.
The alternative formulation, which will be adopted here, is to use the eikonal equation (2) When it is written in ray-centered coordinates (see Figure  2) , the linear system (8) reduces to the so-called dynamic ray tracing system derived by Cerven• and Pgenfik [1983] for the calculation of the Jacobian J.
SLOWNESS PERTURBATION
Let us consider now a smooth perturbation of the model such that the slowness is slightly changed from uo to u = uo + Au. Capital A will be used to denote perturbations due to the structure, and low case 6 will be used for paraxial In order to calculate geometrical spreading and Gaussian beams we have to generate a beam around the reference ray. We define a beam as a set of paraxial rays such that the perturbed initial conditions satisfy the linear relationship: 
HOMOGENEOUS I:LEFERENCE MODEL
The general results obtained above take a very simple form when the reference medium is homogeneous. In the following we will discuss this particular case with some detail because the examples that will be presented later in the 
REFLECTION AND TRANSMISSION OF PERTURBED RAYS AND BEAMS
The interaction of perturbed rays with an interface was not considered in the general formulation presented above. In the following we discuss this problem in the case in which the interface remains fixed. The more dif•cult problem of the perturbation of the shape of the interface itself will be considered elsewhere. Let M be the point of incidence of the perturbed ray on the interface. In order to propagate the transmitted and reflected rays away from the interface we have to change the reference unperturbed ray. We choose, as the new reference ray, the ray of the unperturbed medium that is tangent at M to the direction of emergence of the reflected or transmitted ray in the perturbed medium medium and in the perturbed medium, respectively. They were computed using (34) modified to take into account the reflection and transmission coefficients at the interfaces. One can see the important effect of the perturbation on the synthetics, in particular the vertical shift of the nodal (almost zero amplitude) trace. This is due to the interaction of the perturbed rays with the interface rather than to perturbation of geometrical spreading. The node in amplitude is due to the particular form of the reflection coefficient on the second interface. As the rays cross the high-velocity inclusion, they get deflected and the angle of incidence to the reflector decreases. Since we are close to critical angle, the reflection coefficient is very sensitive to these changes in incidence angle. At the bottom in Figure 9 we show the synthetics calculated by the perturbation method. The comparison with the results given by classical ray theory is excellent.
ITERATIVE PERTURBATION
The perturbation theory that we presented above has the obvious limitation that the perturbed ray may not move too far away from the unperturbed one in phase space, Further details about the structure may be found in their paper. In order to eliminate artificial velocity discontinuities at the boundary of the studied volume, we enlarged it with a boundary layer in which the velocity tends gradually to the reference velocity of the unperturbed medium.
The velocity of the medium is described by interpolating between the velocity defined on a regularly spaced grid of nodal points. We used the cubic splines proposed by Thom- and will not be shown here.
We then computed the amplitudes obtained at several points on the horizontal plane located at 2 km depth. In order to avoid interpolation the amplitudes were calculated along profiles defined by the crossing points of the rays indicated on Figure 13 . In this figure there are fewer equal takeoff azimuth lines than in Figure 12 , but we have plotted many more points along each profile. The amplitudes were calculated using the perturbed JacobJan dr determined by We have applied perturbation theory to the calculation of complete ray fields and synthetic seismograms in threedimensional heterogeneous media. We addressed two principal problems. First, the calculation of paraxial rays, i.e., rays that propagate in the vicinity of another ray. Fast call culation of these rays is essential to compute geometrical spreading and to generate Gaussian beams. Second, we cal- In the applications considered in this paper we considered a relatively simple unperturbed background medium. This was either a uniform medium or vertically layered one. Since in these two types of media ray tracing is easily implemented, it is relatively straightforward to calculate the effect of smooth perturbations in the velocity of the medium. For more complex reference media the calculation of unperturbed rays becomes more difficult, and the application of perturbation theory becomes more complex because we have to estimate higher-order derivatives of the velocity distribution in the unperturbed medium.
The method proposed in this paper may be compared with the work published by a number of researchers for more 
